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Symbolic Finite Solutions and Solutions by Definite 
Integrals of the Equation -pL = x m y. 

By J. 0. Fields. 



The finite solutions obtained in this paper are analogous to the symbolic 
solutions of Riccati's equation, and hold in all cases for which m = . v '.T" , — - , 

71* "T" tC 

where h is any integer less than and prime to n , always including unity, and i is 
any integer positive or negative ; for n = 2 , h = 1 , we have the well-known 
cases for which Riccati's equation is finitely soluble. 

The solution by definite integrals of the above equation was first proposed 
by Lobatto.* Kummer and Spitzer, to whose papers I will refer further on, 
find the general solution for m any positive integer, and for m a negative integer 
greater than 2n, respectively. M. De Tilly treats this equation by a very inter- 
esting method.f 

Finite Solutions. 
I will first find solutions analogous to Riccati's of equations of the third 
order of the form 

and afterwards discuss equations of the n th order having this form. 

I here premise that I will throughout consider -r-r- and (-j-r~J (where A 

is any quantity or symbol treated as a quantity) as commutative, which of course 
amounts to putting the additive constant introduced by an integration always 
equal to zero. 

Suppose (1) satisfied by the series 

y = 2a n x n(L , where a == tn + 3 . 

* Crelle, Vol. XVII. t Mathesis, Vol. V, supplement. 
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Substituting this series in (1) and equating coefficients of the same power of x 
on opposite sides of the equation, we get 

(2) na (na — 1) (na — 2) a n = a n _i ; 

a n — 1 



. «» = 



na(na — l)(na — 2) 

a 



na (na — 1) (na — 2) n — la (n — 1 a — 1) (n — 1 a — 2) .... a (a — 1) (a — 2) 
a - 3 » 



| Ml + >i) (» + "0(1 + v 2 ) (n + v 2 ) ; 

putting 

1 2 

«o = i , — — = ^i , — - = v% ; 



oo 

•'• » = Hi 



a _3re a; Ka 



■•in (1 + *0 . . . . (n + v,) (1 + v 2 ) . . . . (» + h ) ' 

o ' — 

(it is evident from (2) that a_ lt a_ % , etc., are all zero). Thus 



where 

2 = a~V, R Vx = (1 + Vl ) {n + Vl ), B Vt — (1 + v% ) (n + v f ). 

Now, -~- = 2-"" (-A) V = z-"AY', where f-^-) *= A. 

Substituting in (3) therefore 

(4) .-. «/= a - " '"A— '-2 — | . A" 1 . e" = jt*A— ''e^ A" 1 . 2"', 



n 



where the entire functional symbol A v 'e^ dAj A" 1 is supposed to operate upon z v * . 

We will now show that if the value of the right-hand side of equation (4) is 

known and finite for any given values of v 1 , v%, it is also known and finite for all 

values of v lt v % differing by integers from these given values. Write for brevity 

(5) J4,(A) = A-""e^ ) ~ 1 A"s 

( 4> 4 (A) = A-"' + *e^)~A" -*, 
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O/Xi 

where i is any integer positive or negative. From the formula 

^{D)vu = v4>(D)u + i/4>'(D)u + ] ^-y'(D)u+ , 

where D = -=- , we have, putting v = z, 

If ^ (Z)) = $ (A) , we have ^ (Z>) = — Ay (A) , since A = D" 1 ; 

(6) .-. ^)(A).zM=z4»(A)tt — AV(A)«. 

d! ( d -)~ 1 

Since -v— and e VdA ' are commutative, we have from (5), 
«A 

4>'(A) = — v 1 A-'' l ~ 1 e Kd ^ A" 1 +riA-"'e v ' JA; A" 1-1 

= — ifjA-^A— "c^~A'»— A— '• + , e(^ 'a*-- 1 ) = — ^A-^A) — <fr(A)). 
Substituting this value of $'(A) in (6), we get 

<p ( A) . zu = z$ (A) . u+ v t A (4> ( A) — <p x (A)) . u . 

Operating on this equation with — A -1 and solving for ^(A)^, we get 



-J_A- 

l d 



Aj(A)m= — A- 1 {z^>(A)u — $(A).zu\ + 4>(A).w 



~ ~v x dz ^ (A)M "~ * (A) ZU} + ^ (A) ' U 
= — {zA-y (A) w — r 2 4> (A) «} + $ (A) w 
on putting w = z" 5 ; thus, 

(7) <l> 1 (A)u=±(zA- i <l>(A)u + (v 1 -v i )<t>(A))u = ±(zA- 1 + v 1 -v i )<l>(A)u. 

Vi Vi 

Substituting v x — i + 1 for v x in (7), it becomes 

*(*) . = (^::+^.3=-J + -i) *,_ l(A) ., 

and, by successive substitutions of this kind for 4> i _ 1 (A)«, etc., we get 

<„ », w ,= ^- i +---'- i + ( i ^; + r ( ; ; r^> 1) -- ( ' A "' + ''---' > .(A) M . 

Using the theorem 

(■i + 0(-« + '-0--(4 + '— +1 >='-'(-i) v »' 

(8) becomes <fr (A) w = Cz l -"^^{^iz^- v ^ {A)u, 
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where G is the constant 1 -*- v x (yi — 1) . . . . (?>i — i + 1) and i a positive integer. 
If in this we replace v x by {v x + i) and operate on both sides with z~ x _ "' + ■'» 

-j- ) z v '~ v °, we get the same formula with — i instead of i, and another constant 

in place of C. 

We have in general, then, where i is any integer, positive or negative, 

(9) <& (A) u = <7V-"»+"»(~)V'-"*4> (A)u, 

where G' is a constant. 

Changing v 2 into v % — x in (9), 

fy (A) s" a " * = OV —-> + -»- "(4-) V' -"* + " <£ ( A) 3"' - * 

therefore, z -^+^(A) s"-" = OJ-**{^ **-*•+ *(Jj^"$ ( A ) z " a - 

We have, then, putting q^, o^g for v x , i> 2 respectively, 

f g— o"2 + "^— o"i + l e KM) A"" 1 — J go"« — it 

Knowing, therefore, the function g-^A - "^^^ A"^" 2 for ^ = 0^, v g = v s , we 
obtain its value for v t = vi — i, v 2 = &> % — x, by operating on the known func- 
tion with the operator r » , ~"'('j- V , ~"* + *(-^)« rt ' 

By (4) y = z~ "'A - "■ev**' A'V 2 is a solution of equation ( l) , where vy=- — — , 

2 cPy 

v% — — — , a = m -+• 3 ; now, for wi = 0, equation (1) becomes -p = y, and its 

solution is C 1 e~ KlX + C % e~ k ^+ G^~ h%x , where /t^J^, % 3 are the three, cube roots of 
unity ; but its symbolic solution (4) is, in this case, 

y = z~ " S A~" °" l e ™ A ' A "^ " 2 , 

„ 1 2 2 1 

where a = 3, v t = — — , v 2 = — — , or v x = — — , v 2 — — — 

(since, from the mode of forming the symbolic function in (4), it evidently 
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makes no change in its value to interchange the values of v x , v g ) ; therefore, for 
properly chosen values of G lt G t , G 8 , we have 

(Ay- 1 

2 -o" 2 ^-o"i e VdA^ A°" 1 2 0, ' !, = C 1 e _A " c + G % e~ x%x -\- G#~ x * x ; 

here z = aJT V° = f^r) ; •'• * = 3z* ; thus, 

(11) g-.'»A-«"'e^~ A«"z"» = G x e- SK ^ + G^r*^ + tfse- 3 * 8 ** . 

Taking, now, 

2.1 
r 2 = oVi — x = — — , v t = v t — i = — , 

we have x = r 2 — 20V! -}- 2i, #1 + 3 = a = ^ . 

1st. Assuming 

_JL- 1 _ _2_ __ 2 

we get x =2i,a= r = -— - = m+3; 



therefore, m = ; 

O^ ~T~ J. 

and solution of (1) is by (4), (10) and (11) : 

(A}- 1 (A)- 1 

y — g— "s^— "i e \dA> A"'?" 3 — z~ '*'' "*" "A~ '*'' "*" V ^ A' ,,| ~V'' 1 "'" 

(12) =z * +i (x) t2i+2i (7") 2 ^~ l ( <7ie " 3M * + ^ e ~ 3Mi+ ^e - ^*). 

2d. Assuming 

A- 2 — i_— J_ 

° Vl a -~^'° V2- a _ ~~3' 

1 3 

we get x=2i+l,a= j = W+2 = ™ + 8 ' 

•+ 3 

therefore, m = — _ > r "T • 

3* + 2 

And solution of (1) is by (4), (10) and (11) : 

(12') = zi+ ^y^ +2 xiy +lz ~K Gie ~ 3kiJ + ^ _8v *+ ^-^). 



372 Fields: Symbolic Finite Solutions and Solutions by 

These solutions are evidently of the form 

where the $'s are polynomials in zi, and plainly, on substitution in equation (1), 
the terms containing each of the three exponentials vanish identically ; there- 
fore, the three quantities C lt C 3 , G 3 in the above solutions may be considered as arbi- 
trary constants. We conclude, therefore, from (12) and (12'), that the equation 

^ = x m y is solvable finitely if m be of either of the forms ~, ; or — n \ - ' , 
dx 3 * J Si + 1 3^ + 2 

where i is any integer positive or negative, the general solutions in the two cases 

being given by (12) and (12') respectively. 

These solutions become, on substituting for a in terms of x from the formula 

a = a~ 3 x a (a = m ■+- 3) , 

T — 9t 

II m ^ ~3(3i+l) 

_i _J_\ 

the C's being arbitrary constants and the %'s the cube roots of unity. 

The Equation of the nth Order. 
Suppose the equation 

(13) -aH*"* 

satisfied by the series y = 2,a K x Ka , where a — m-\-n; on substituting this series in 

(13) we get for the determination of the coefficients, 

(14) *a(xa — 1) (xa — w + l)a K — a K - 1 ; 
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therefore, 

a a «-i 



«(c — 2 



xa (xa — 1) (xa — M -f- l).x — 1 a (x — la — 1) . . . . (x — la — rc. -f- 1) 

rto ; 

xa . x — 1 ax — 2 a ... a . (xa — l)(x — 1 a — 1) . . . (a — 1) . . . (xa — n-j-l)(* — 1 a — w-j-1) . . . (a — n-f-1) 
' a <l a- nK 

— |^(i + „)(a + , ) .... (x + v.)(i + *) .... 0c + „0 .... (i + v„_ a ) .... (* + "„-0 ' 
where 
(15) n - -- Vl __-.... r r _ 1 = - - ... . * n _ 2 = - — , 

and therefore, 



Va-.v-i,:. .. -:v r _i: . . . . :v„-s : :1:2:. . . . :r:. . . . :n — 1, 
a " = [x^Tfi! E~ ' ° n P uttin S «o= 1 . ^,„= (1 + »v) (2 + »v) (x + r r ) , 



"l/„-"'I' 1 



x, ~ "ST* a—as" 
therefore, y = 2aX°= 7 K ,T7W~T? /T~ • 

o ' — 

(It is evident from (14) that the series contains only positive powers of af.) Thus 

(16) y = X . 5 p g " ^- , where z = «— as*. 

Now, if we put 

*-a)"'^ a) •*■ • • -^(dz)~ • • • ■ A '--G-sr,r 

we have 

-w- = rr-c n g " / . x = 2-r ° (4-)'"*° = ar-A?^, 

4*- = Ar-AJA?, . . . • £ = AT' A; +1 AT • • • . ; 
therefore, 

y=z% ? = z~ v 'X — . a" 



"n-8 



= Z~ ""AT "'2 — =; — g =; . Al»' . 2"° 



•n-2 



= = ar r »Ar r, Ar , '» AHv 2 2 ^s=* A^-| AJ'Ajja"; 

Thus 

(17) # = sr'«Ar r, AT'* A-Iv^-^rl A^Apa". 
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From the mode of formation of this symbolic expression, its meaning is that 
we operate with e*"- 1 on A*":: J, multiply the result by &Z-i'> an( * with the com- 
plete operator A~^e" n -A^zl in A„_ 2 thus obtained operate on A^|, and so 
on, finally operating on z y " with the complete operator in A x and multiplying 
by z~ "'. 

For brevity I will adopt the following notation : 

4. fori .... *._») =«r"Ar'» .... a-^-^-'A:-! .... A?«r% 

<p r (v r v r+1 .... v n _ % ) =A7"r.... A7lv 2 e A "- 1 A--| . . . . A/ , 

l&r("»rVr + \ • • • • ^n-2) = 4>r C", — % , V r + j . . . . 1> W _ 2 ) , 

p (g) = q(q — 1) .... (# — ^ + l), where p is an integer and q any 

quantity or symbol. 

Where there is no fear of ambiguity, I will simply denote the first three of 
these expressions by 4>, 4> r (A r ), ir 4> r (A r ), respectively. 

We notice that $ r ( A,.) , being a function of A r , is commutative with A r . 

I will now proceed to show how from the value of $ for certain values of 
the r's we can deduce its value for values of the v's differing from the given ones 
by integers. 

By the formula 4> \J~)- m ~ ^\7T J v "*" u> ' ^\dxJ' v "*"' etc '' we haVe ' 

putting <p r (A,) = ^ (^^) . 

(18) ft. (A-). A?z\ +1 = ft(A,). A._!. X-i = A,_ift {\)K-i - A?^(A,) A;z\, 



since 



^(at-y^td:)--**™- 



Now, differentiating ft (A,) = A7"^ r+x (A f . +1 )A?' with respect to A r , we find 

(19) #(A,) = - r r A r -— 1 4) r4 . 1 (A r+ X )A; + v r A7"ft + i( A, +1 ) A?" 1 

= ^A7 1 { 1 ft(A r )-4)(A r )f. 

Substituting this value of ft((A-) in (18),.jve get 

ft(A r ) A--1+ 1 = A r _^ r {A r ) A?ri - »A{ifr(4) - ^AjjAT-i. 
Operating on this with A7 1 = ^-r — , and taking ift(A,) .A£iJ to one side of 
the equation, we get 

(20) 1 ^ r (A r )A;--i = j- (a,^*- + v r - Vr _ 1 )ft(A r )A;'_-i. 
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In this equation, substituting v r — i r +l for v r , ^(A-) becomes ^(A,.) and 
^(A,.) becomes tr _ J $ r (A r ); .'. the equation becomes 

(21) i „^(A r )A;ri = . ^_^ +1 (A-i^- i +v-i-v r _ 1 +l) u _ 1 <l> r (A r y,K-l. 
Similarly, 

i^rMK-l = ^ _ I + 2 (^-1 g^J + "••-»'— "r-l+ 2^,._^ r (A,) A^{ 

Substituting successively in (21) from these formulae, for 1 ,_ 1 ^ r (A r )Aj:'j:i, 
«,_#,(£,) A?_-l, etc., ,<fc.(A,)A?ri, we get 

(22) ^(AJA^^ (A,_ 15 £- + JV -^- 1 ).^(A.)Ar--i. 

By the formula 

( «-=— + »i )«=( a;-^— + «*Yo3 -^— + w — 1 ). . . . 
n\ aa; / \ ax /\ ax / 

fa-p +in — n+ l\u = x n - m (^\.x m u, 

we have 

,,( A --5£; + '''-«''-0 , '= Ai -'- + '--'(5^)' : ^'-'' 

therefore, from (22), 

<r 4, r (A r )A-_-i =^ . A^l- + --{^-) Ar_T'- 1 .^(A-)A-_-i; 
whence 

(23) Ar_V ^(A,) AT-i 1 = ~£T) A '-T' (^7 ) V-T'-^CA,) A-i 



(where x r _ x , X r _ x are integers such that x,_x+ ^ r _ 1 = * r ), on performing the 

operation indicated by f -j-r J ; thus, 

z—'AT" 1 A7Z'r 1 ir 4»r(A r )Atj Al'jT* 

ir 

= ~r-\ T^- 1 — ri — i— .("r— vr-i)*,-.("r-i).«-"Ar" .... 

A— 2 -\,- 1 ^r-i(A r _ 1 ) A-_- 2 2 .... AI'Z"» 

= "771 /^ _1 — ri — i « ->( T v— "r-i^K-i) • — 77 — \ >>- 2 p^r — i «-s(*v-i 

4*r)^W X r _i!X r _i! ^ \r-i\Vr-l) L-/ Jc r _ 2 ! yl r _ 2 ! 

— v,-,),,.,^-,). «r'«Ar". . . . A7J:r s A,- a <?»r- 2 (A r _ 2 ) Ar_s a .... Ajy 
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(where x r _ 3 + a r _ 2 = K-i), on substituting for A7_!' 2 - 2 ^_ 1 ^ r _ 1 (A r _i)A^|, its 
equivalent expression similar to that obtained for A^Z\-\ r ^> r (A r ) A£'_Ti in (23). 

By making such substitutions successively for 
Ar_r'i,<?>r(A r )A x — i, A7l r f\r-^r-i{& e -i)K-l, A7_V 3 x r _ 2 ^- a (A r _ a )Arz|, . . . . 

Af' A > 2 (A,) AJ-, 2-"" ^ (A x ) s", 
we ultimately obtain 
(24) s—'Ar" 1 AT-T 1 ^(A-jAr-i Apji"" 

o 

Ar — 1 Aj* — 2 

— ^ — \zS" 2 v Vs' — i»-«("'-i— ",-•)»,-. (vr-i) — ^7~~1/^" 3 

K r -i[V r -l) *—* « r _ 2 ! K—i- Kr-A v r-V *—* 



o o 

= ^7)E- 1 x Tdt7!"-^" n - l) ' 





Now, S-TT1 ^-".I'.W^"'^^^" 4 ' 




thus ' B^^^^Bx-ttl^ 1- ^^ 2 "^^ 1 ^"" 

o 1# 1 ' °' 



= a -'»+ A /AyV»-'' . !?"->! (Ai)a K » ; 
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and proceeding in this manner, we find that (24) becomes 

(25) a-oAp A7ir l i&r(A)&7-l A?a r » 

= -y-iz - * * +tr (4-)'* r ~ "-Kd"- 1 -"-*. . . . g"-"\$ 1 (A 1 )z , '° 
i r \ v r) \az J 

Operating on both sides of equation (25) with ir (v r ) z ~"'\-j-) z "*~ {r > an( i 
substituting (v r + i r ) for v r , we obtain 

(26) z~"°Ar'. ■ . A71\- l _ t ^ r (A r )A" r --l . . . A?sf= ir (iv+ i)«r"- 1 ' (^) V'-^ 1 (A 1 )3"». 
Thus, from (25) and (26), we get 

(27) z—'-Ar" 1 .... a^- ^(a^a^i .... a^z v «= o^ - "- + *- C£j^ r • 2 _ " 4>i ( A i) s"" 

where *,. is any integer positive or negative and O r is a constant. 

Now, since (27) holds for all values ofv t ,v l ....v r ..'.., we have 

(28) <p(l>0— «0» ^1— *1 • • • • Vr_l— i-1, »V— *, Vn-2— 4-g) 

= o r .(?' — *o, Vi— %, . . . .v r _i — i_i, r,., . . . ., v M _ 2 — *„_ g ), 
where a r denotes the operator C r z~' ,r + i ''f — ) z Vr and the i's are any integers 

positive or negative. By successive applications of the formula (28) for all 
values of r from up to (n — 2) we obtain 

(29) ty (v —i , v x — %, ,v r — i r , v n _ % — i n _ % ) 

= 11 (&,).$ (v .v u v r . . . .r„_ g ), 

where II (a r ) designates the symbolic operator o . a t . . . . » a _ 2 . 

Substituting now for v , t\ .... v r .... in (29) r , v 1( .... v r ... . respect- 
ively, and putting y — i = v , ^ — %= ^ . . . . v r — «,= v r (29) becomes 

(30) $(*>„, v lt . . . ,v T , . . . .v n _g) = II( G) r )4>( y , 0^1,^- • .0*V- • • -o^-g). 

where «r= CrZ -0 "' 4 " 2 "^ j-J z° Vr and v r = v r — %. 

If therefore we are given the solution (o^ojo^ii o*V> oVn-%) of an equa- 
tion of the form (13), we can, by (30), find the solutions q> (j> , v x v r . . . . v n _ % ) 

of other equations of this form such that wi is changed subject to the conditions 



Vol. viii. 
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that v , v x v n _% differ by integers from the given quantities oJ^ 0^1 0^—2 > 

and also to the condition (15), viz., v : v x . . . . :r„_ 2 : : 1 : 2:. . . . :n — 1, the 

value of m being determined from the equation r n = = — — ; — • While 

° ^ " a- m-f-n 

the order of the v's in the proportion just mentioned is perfectly arbitrary, I will 

in general consider them in this order except in the case of the initial values 

o^O) o^i • • • • i o^»-2i whose arrangement I will not limit, viz., 

(31) v '• (ji>i :....: o^»i—2 : : Xi : Xg : . . . • : x»_i, 

where the x's are all different from each other and each equal to one of the 
integers 1 , 2 , . . . . n — 1. 

While these different ways of distributing their values to v , v 1 . . . . : Vn-2 
does not affect the value of q> ( i> , Q v 1 . . . .0^—2), it will be seen that it does 
affect the derived quantities r„, r 1( . . . . , v„_ 2 , giving rise to different sets of 
values for these, and consequently also giving different values of <m for which 
equation (13) is soluble. 

Now, when tn — we know the general solution of (13) to be 

(32) G x e~^ x + G % e- »■>* + + G n e~^ x , 

where the p's are the nth roots of unity and the G's are arbitrary constants. 
Taking this as our initial case, we have 

a = m + n — n; v , v lf . . . . v n _ 2 equal — - 1 , — — 2 , . . . . — —^ 

it iti it 

_i_ 
respectively, by (15) and (31); and by (16) z = n~ 1l x n ; therefore x = nz'.. 

Substituting now for x in terms of a, (32) becomes 

(33) C x e-w~ + GjT' l * u " + + G n e~^ nz ~, 

which is the general solution of (1 3) , and therefore includes <p ( v , v lt .... v»_ 2 ) , 
which is a particular solution ; we have then 

(34) <?> ( i/„, o*i ... • r—,) = G x e-^ + C % e~^ +....+ G n e~»" n * \ 
the constants G being properly chosen ; and therefore from (30) 

(35) $ (v , n- • ■ • v.-i) = n (o6> r ) (Cr*"' + G % e~^ +.... + G n e~^). 

Now, as stated before, the conditions to which the v's are subject are 



v r _i = rr for all integer values of r from 1 up to n — 1 , 



and *v_t= r,— i — i— i f° r a H integer values of r from 1 up to n — 1 , 



(fay 
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where i r _ x is any integer positive or negative ; thus, 

(36) xv_i — i_! = r ( v — i ) ; 

and since *V-i = . o?'o = > this becomes 

(37) *—— = *V-i — ™'o • 

Now, the x's must all be positive integers different from each other and less 
than n. Choosing then any one of these integers as the value of x x , it is evident 
that we can for any chosen value of r find an integer value of x r less than n 

such that — = . I r , where I r is zero or an integer positive or negative, and 

Kb 

there is plainly only one such value of x r , and the value of i r _ x obtained from 
the equation i,._ x — ri = I r is of course an integer. 

We know then that for each value of x x there is one, and only one, value of 
x r satisfying equation (37) for each value of r, and it only remains to find in 
what cases the values of x r are all different for the different values of r. 

Suppose x r — x rl ; then = integer; therefore — 

= integer, and since r — / <in x n and x x must have a factor in common ; and con- 



versely, if n , Xi have a common factor, we can choose r — /, so as to contain w's 
remaining factor, and therefore — — = integer ; consequently x r = x r , , and 

7b 

the x's are not all different. 

Thus, in order that the x's should be all distinct, it is necessary and sufficient 
that x x be prime to n . 

Taking, then, v = , we have v = ^o — *o = — ( — +*o ) > where x x 

is less than n and prime to it and i is any integer ; and for this value of -v with 
the values of v r _ x derived from the formula »v-i = "'o. f° r a ll integer values of r 
from 2 up to n — 1, we have $ (v , v x . • . .^»_2) expressible finitely and given 

by (35). Now, from / * x , . \ __ _ _ _1_ jr 1_ 

~~ VT + V~ °~ «~ m + » 

we obtain m = w * m ° i~ *i — { f or & ^\ which values of tn equation (13) is 
ni + x 

finitely integrable; or, putting i,x for i , x x respectively, equation (13) is finitely 

integrable for all values of m given by the equation 

(38) m— W^ L , 

K ' rat + * 
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where x is any integer less than and prime to n, and i is any integer whatever, 
positive or negative, the integral being given by equation (35), its value being 
found by substituting in the operator II ( O o r ) the values of the v's derived from 

the equations v = — — , »>,._i = rv , and the values of the i's derived from the 



equations i = i, = i r _ x — ri. It is easily seen that all the (7's in (35) are 

different from zero, and therefore that on the substitution of the right-hand 
member of (35) for y in (13) the resulting identity contains n terms of the form 

'4'r•e~' v " , '' ("4v being a polynomial in z"), due respectively to each of the n expo- 
nentials occurring in (35); and since, evidently, each of these n terms must identi- 
cally vanish, equation (13) is satisfied by 

j_ 1 i. 

(39) n ( O o r ) ( Oi«r """•" + C % e-w " + + O n e~ *"*< " ) , 

where the C's are all arbitrary constants. 
We may write (39) in the form 

(40) fl„_A_ 3 . • • .a .B-*(C 1 <T' L,n '' + 0/T"«* + ....+ G n e~^ 1 ), 
where H r = z r+1 n ( -j ) , the integers i r being determined from the equa- 
tion (37) i r — (r+ 1)^+ ^ r ~*~ 1 ) x ~ 7e r + i i Xr+i ^ e j ng equal to zero or any 

lb 

integer less than n, no two of x's being equal, and r taking the values 

0, 1, 2, , (n— I). 

Substituting in (40) by the formulae, 2 = a~ w af, a = , we have for the 

general solution of equation (13), for values of m given by (38), 

1 

(41) y = n n _ 2 n TO _ 3 . . . .ci .x-^r*(c 1 e-^ i +«* ni+ * 



1 



+ C7 f tf-^«"«+">' "•■ + + C n e-»" M + K) * "" ), 

where the (7s are arbitrary constants and 






-4» 



For « == 2, x == 1 , (38 ) gives the cases w = ^ri » -^ r w bich Riceati's equation is 

finitely integrable. We might consider m =3 — n as the limiting case of (38) for 
which i = 00 . 
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For m ss — 2n (38) gives x = n — 1, i= — l;we find i r = — 1 , 

—1-4-—/' £? \ — * 

£i r = z ( -5- ) ^ or a ^ vames °f r » an( * we ma y write (40) in the form 

(42) z- 1 +^£l n ~ 1 (G 1 e-^ + + OjT***), 

where £l.u=( -=-) z~ 1+ ~.u = n( — r ) •«• 

i 
— / 1 \ w— 1 e — < in * n " 
Evidently Xl*- 1 e - '" M " = ( — — J " ; therefore, (42) becomes 

z -i+±(c ie -w" + + C n e-»* n * T ), 

and this, on substituting z = ( — nx)~ n , takes the form 

a*— KCi*' + + C.e-;, 

which is the well-known solution of ~, = x~ 2n y. 

Biccati's Equation, 

The preceding method, applied to the equation of the second order, suggests 
also the following mode of solving Riccati's equation : 

(43) g = ^. 

-- 1 

Putting z = a 2 cc a , a = — — tTo > ( 43 ) becomes 

(44) -|F + (- + i)-g-ir = o. 

Differentiate (44) with respect to z, and put -p = «, when we get 

which is the same in form as (44), a being increased by unity. Evidently, then, 
the solution of (44) being given for any value a of a , that for a = a + * 
(where i is any integer) is the i* h differential of the given solution. 

Now, for rn — , a = — , the solution of (43) is Ae^+Be*, and, therefore, 



Note.— I might here say that formula (25) can be more briefly obtained by a consideration of the 
general term of the series in (16); but as I first obtained it from (17), and the treatment of the symbolic 
form there given seems to me somewhat interesting as an application of symbolic methods, I have let 
it stand. 
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that of (44) is A^'+Be-w* (since x = — Wz); therefore, for a = i ^ , the 

solution of (44) is 

(45) y = -*(Ae*°+Be-w°), 



where z = a?x a = ( — - — . J 



i \! 2_ 



It may easily be verified that (45) is identical with 

(46) y = z~ i+i ~ *"* (Ae 2 ** + Be~^) ; 

consequently, whether * be positive or negative, the solution need only involve 
the direct operation of differentiation by using (45) when i is positive and (46) 
when i is negative. 

We might notice that if in (44) we put y = z~ a v and operate on the 

resultant equation in v with e -A ( A= (t-) ), this equation at once reduces 

to z -^(e~ A ^) + (l — a)<r A $- = 0, an equation of the first order in e ~^ , 
dz \ dz / v dz dz ' 

from which v = eV, and, therefore, y=z~' L v = z~ a e A z a ; the form (17) thus 

obtained directly from the equation, without first considering the solution in the 

form of an infinite series. 

From the solutions of Riccati's equation we may also derive those of the 

equation x -7- au + bv? = cx n ; for, in this equation, putting 



dx 



__ a — 1 x dv 
26 bv ' dx 



it becomes 



cPv 



(47) -j-j = (cjx n 2 + c 2 ar 2 ) v, where c 1 =-bc, c % = — - — . 

Substituting s = CjW -2 *;™, v = z r y, (47) becomes 

W -^ + ("^ + *)£ = (<*-■-*- 1) - !=- 1 ,) 2 -V, 

and this reduces to equation (44) when we choose r, so that 

c % n % — r (r — 1) r = 0; 

therefore, for (47) finitely integrable 2r — — = a = i 5- , eliminating r 



d n u 
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between this equation and the quadratic in r just given, and putting c 2 = — -— , 
we obtain, as condition for finite integrability, — - — = i, and when this condi- 
tion holds, the solution of x -z era + bit? = cx n is easily seen to be 

where r = — — and y is given by equations (45) and (46). 

Solutions by Definite Integrals. 

Kummer has shown* that if -^{x) be the general solution of equation 

d n ~^z i d n v 

, n+1 = x m ~ 1 z, the general solution of -~~ =x m y may be expressed by the 

u m ~ l e m + n 4'(xu) du, there being a certain relation among the 



(n + 1) constants involved in -^(x), and by successive applications of this 
formula has obtained the solution in definite integral form of the equation 

-j n = xm y f° r a ^ positive integral values of m ; Spitzer, by a modification of 

Kummer's method, has shown f that if $(x) be the general solution of 

x m + 1 _. n + 1 = ez, the general solution of x m -,-f- = — sy may be expressed by 

u m ~ l e m ~ n ^ (~Jdu, a certain relation holding among the (n + 1) con- 
stants of ^(x), and has thus found in definite integral form the general solution 

d n v 
of-y^j = x m y for all negative integer values of m numerically greater than In. 

We might express both Kummer's and Spitzer's definite integrals under one 
form ; thus, if ^(x) be the general solution of - ~ 1 = bx m ~*z, the general so- 

OjX 

d n v 
lution of -r-f- = ax m y may be expressed by 

Xb « m + » 
u m ~ 1 e ' a m + n ^{xu)du, 



* Crelle, Vol. 19. t Crelle, Vol. 57. 
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a certain relation holding among the (n + 1) arbitrary constants of ^(x), the 
conditions being involved that m + n and m are of the same sign, and — positive 
or negative according as this sign is plus or minus. This may be easily verified 
by differentiating -~ — ax m y = and substituting for , n+ ^ , y' and y from (50). 

Summer's case is that of m and m + n positive, Spitzer's m and m + n negative. 
Both Kummer and Spitzer always suppose n positive. There is nothing, how- 
ever, in the verification of (50) to require this, and (50) holds equally well 
whether n be positive or negative, providing that m and <m + n fulfil the requisite 

conditions; thus, from the solution of _ n+1 = ic m-1 z we may derive that of 

QjX 

d~ n ii 

—-^ = x m y. In the former of these equations, putting x m ~h=^v, it" becomes 

x~ m+1 v = ; - . and the latter similarly becomes x~ m u = -,— ; thus, from the 
dx n ~ 1 J dx n ' 

d n "~ i v d n u d~ n ii 

solution of -, r = x~ m+x o we derive a solution of -=— = x~ m u: in - — - we will 

dx' 1 - 1 dx n ' dx~ n 

suppose the additive constants due to the integrations always equal to zero, 

d n d~ n y 

so that the solutions of y = -r— - (x m y) are also solutions of -z — - = x m y. 

J dx n v ,y/ dx~ n a 

d n V o _!^. 

Now, we know the solution of , u n =x~ in y to be y = x n ~ 1 2C r e x , where 

the ft s are the nth. roots of unity and the Cs arbitrary constants, and the solution 

of ^L = x in z is z = x~ in y = x-"- 1 ^ C/T ^ . 
dx~ n y 



Starting out now from the equation 

dr n z 
dx~ n 



-«— 1» 



( 51 ) -x- nr = »^> 

v ' dx~ n 

by (50) we have, as the solution of equation _ n J^ = x 2n+1 y, 

€130 

u n ~ x e "2<7 r e ~.du, 
and by successive applications of formula (50) we obtain as the solution of 



dx~ 



J o J o n.*u n K + K ~\e '*^ / 2C r f *-" r( ""-- , " ) .du 1 ,du % ....du i 



* 
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Substituting n for (n + i), we have, as solution of equation -r~~ = z %n ~ i y^ 



i 



/ .... / n-<- t+ "- 2 .e^- f 4- / " 2C r e-" rl » tt >— mrl du 1 ....du i , 

"'o "o 1 1 

where by n«C~" i+ " _2 I mean the product z#~ i '~ 1 .t$ _i .... w*~ s ; evidently * is 



always a positive integer less than n ; the ^'s are here the (n — *)th roots of unity 



In the equation -j— = 03 -3 " +< m we have «.= x in ~ i y; therefore, the solution 



of the equation 

"efcc" 



(53) J. =ar «.+^i s 



J ...J n« <-* +,t - 2 . e~ —* *-f 2 C>-"' ( * M ' ■ Wi) - i du 1 ....du i . 

By (54) we have then a definite integral solution of the equation — = x m y 

for all negative integer values of m between n and 2n; this solution is not, indeed, 

the most general one, but contains — (m -f- n) = n — i arbitrary constants. 

We can further find a particular solution of this equation for any value 

of m. 

., d~ n z m dr n ~\ , , d- n -'z t 

If we write — = ar Zf ^r^=r = * m+ \ . • • • • ^pd" = « m+ %, solutions 

of these equations being respectively -^(a), 4l(a0 • • • • ^(a), an< * OT a positive 
quantity greater than n, m and m — n are both positive, and we have, by (50), 

«fe m ~ n 4 , (®wi)dui, 



therefore, the solution of - — — -. = af + *2: € is 



d!ar 



•^ (a%« 2 ....%) dtijdu^ .... <#«< ■ 



Vol. VIII. 
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Now, putting n — 1 , m is any quantity greater than unity, and ^{x) is the solu- 

drh a 1 -* * 

tion of equation -p^ = sc*"g; therefore, 4>(x) = & _m e >-« . 

Now, substituting for $ (xt«i . . . . u { ) in ^ (»), and putting m, w for m + i, 

n + i (= 1 + i) respectively, we have the solution of _* = aj TO s 4 , 

g __ g,— m + M — 1 

/..../ «,«|....«Sz!e»— Vl >du l ....du n _ x ; 

v "b •'o 

replacing % by a; - ™?/, we find the equation 

(55) -$- =*"""* 

to have a solution : 

(56) y = a ;"- 1 

/ / .... / u % u\....u n n z\e»- mK >du x ....du n _ l ; 

^o *^o •'o 
where m is any positive quantity greater than n. We can find a similar solution 

dr x v 
for any other value of m by starting out from equation _*■ =x m y, where 

m — 1 is any negative quantity, by successive use of formula (50) with — = — 1 . 

Now, referring back to formula (30); if in this we substitute y for 
$ ( v • • • •o v »-2)> where «/ is the general solution of the equation of which 
$ (iM • • j • o»V-2) is a particular solution, the equation 

(57) y = Il(<fi> r ).y 

gives y the general solution of the equation of which <p(v . . . . v n _ 2 ) is a par- 
ticular solution, as is easily verified. 

We can now with the help of (57) derive from (56) a solution of 
V__ _ xmi y f ov anv rea j value of m x . 



dx- 



Pi, *, 



CO 



We know that (57) holds for 
(58) v ■ 

where i is any integer, the values of the other v's being derived from equations 

v r = v r — i r =(r+ l)v . 
Now, being given any value of v , we can always satisfy (58) by a positive value 
of oi-o, by properly choosing the integer i, which we may do in an infinite 
number of ways. 



therefore, (56) gives a solution of (55), that is, of — - = x° mi y. Being, therefore, 



cl n v 
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Now, putting v = — — , — , v = j — , we have, when v n is positive, 

mi, a negative quantity greater than n; therefore, »ii = — m where m>n, and, 

therefore, (56) gives 
given any equation, 

(59) 2 =xm ^' 

find t , satisfy (58) by a positive value of v , find „»*! from equation 
i> = — — -j— ; this will give us oWj = — m, where m is a value for which (56) 

oOTj -J- W 

holds as the solution of (55); but the general solution of -j— = x° m, y is y , and, 

therefore, (56) is contained as a particular solution under y . 

Now, y in (57) is supposed expressed as a function of a, where z is connected 

with a; in -r-£ = x~ m y by the equation z = (« — m) _n a;' l ~ m (see (16)) ; transform- 
ing (56) from x to z by this transformation, and substituting (56) thus transformed 
for y in (57), we get, as a solution of (59), expressed in terms of z, 

(60) y = Tl( ( p r )z^ 

Jp» /»o» /»» _J_ („,»-»•+.... + «»-».)+(»-m)-i(«, ....u»_i)«-». . 

for all values of m 1 , m being obtained from the positive value of v satisfying (58). 

The x in (59) is connected with z in (60) by the relation z = a~ n x" 

= (m 1 + n)~ n x m,+n (see (16)), by which equation, transforming (60) to terms 

of x, putting v r = (r + l)o r o> \ = (? + 1) * . o^o =: » and instead of 

m — n 



G) r = 2 -«'" + 



ir ( -=- ) a "' writing 



d xC+Di 



(61) o r = a; r + 1 ('a;- (m ' + n )+ 1 ^J' ' x e+i>^™.+»>i-n 

which differs only by a constant multiplier from &> r , (60) becomes 

(62) y = n(a r )x- (n - 1)Um ' + n)i - 1 ^ 

here the product II (w r ) is taken for all integer values of r from to (n — 1) 
inclusive. 
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Solutions, then, of equation (59) are given by (62) for all values of m lt the 
values of m and i involved in these solutions being any that will satisfy equation 

(58); i. e. — -=— + =t, i being any integer and in — n any positive 

quantity, and for the same value of m x (62) assumes different forms, according 
to the values we may choose for m and i. 

If we put i = 0, we have m 1 = — m , II (o r ) = 1 , and (62) reduces back to 
(56). 

We might also obtain a more general form, including that of (62), by taking 

x . 1 

O v = instead of , where x is chosen subject to the condition (37), 

m — n m — n v ' 

with n — m substituted for m , the x's being positive integers different from each 
other and less than n. 

By combinations of formulae (50) and (57) we may obtain solutions of 
equations of form (59) in a variety of forms on starting out from some equation 
of this form whose solution is known, either finitely or as a definite integral; 
(50) connects the solutions of all equations (59) for which m x -f- n remains con- 
stant, and (57) those of equations (59) for which the values of (m x + re) -1 only 
differ by integers. 



